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Abstract
We discuss the very rare, exclusive hadronic decays of a Z boson into a meson and
a photon. The QCD factorization approach allows to organize the decay amplitude as
an expansion in powers of ΛQCD/mZ , where the leading terms contain convolutions of
perturbatively calculable hard functions with the leading-twist light-cone distribution
amplitudes of the meson. We find that power corrections to these leading terms are
negligible since they are suppressed by the small ratio (ΛQCD/mZ)
2 . Renormalization-
group effects play a crucial role as they render our theoretical predictions less sensitive
to the hadronic input parameters which are currently not known very precisely. Thus,
measurements of the decays Z → Mγ at the LHC or a future lepton collider provide a
theoretically very clean way to test the QCD factorization approach. The special case
whereM = η(′) is complicated by the fact that the decay amplitude receives an additional
contribution where the meson is formed from a two-gluon state. The corresponding
branching ratios are very sensitive to the hadronic parameters describing the η − η′
system. Future measurements of these decays could yield interesting information about
these parameters and the gluon distribution amplitude.
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1 Introduction
An important challenge to particle physics is the strongly coupled nature of Quantum Chro-
modynamics (QCD) at low energy scales. For hard exclusive processes with individual hadrons
in the final state the QCD factorization approach was developed [1–5]. It allows the factor-
ization of short-distance coefficients which can be calculated perturbatively from the hadronic
bound-state effects inside the meson which are accounted for by light-cone distribution ampli-
tudes (LCDAs). In this work, we discuss the decays Z → Mγ of a Z boson into a meson M
and a photon [6, 7]. The underlying factorization formula for the decay amplitude can be de-
rived employing Soft-Collinear Effective Theory (SCET) [8–11]. This factorization formula is
organized as an expansion in terms of λ = ΛQCD/mZ . Power corrections to the leading terms
are suppressed by the small ratio (ΛQCD/mZ)
2 and thus negligible, whereas previous applica-
tions of the QCD factorization framework suffered from sizeable power corrections (see, e.g.
[12–15]). Therefore, the decays Z → Mγ provide an ideal way to test the QCD factorization
approach in a theoretically clean environment. In particular, the case Z → η(′)γ is interesting
due to the complications arising from the flavor-singlet component of the η(′) meson [7].
2 Theoretical framework
Some representative Feynman diagrams contributing to the decays Z →Mγ at leading (LO)
and next-to-leading order (NLO) are shown in Figure 1. For the case where the final-state
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Figure 1: Some Feynman diagrams contributing to Z → Mγ . The meson is shown by the
gray blob.
meson has a flavor-singlet component in its wavefunction, there exist additional Feynman
diagrams where the meson is formed from a two-gluon state. This special case is discussed
below. For the derivation of the factorization formula in SCET, we assign the momenta k and
q to the final-state meson and photon, respectively. In the rest frame of the decaying Z boson,
these momenta fulfill kµ ≈ Enµ and qµ ≈ En¯µ , where E = mZ/2 . n and n¯ are two light-like
vectors obeying n·n¯ = 2 . The constituents of the meson can be described by collinear particles
in SCET. Their momenta pc obey the scaling (n · pc, n¯ · pc, p⊥c ) ∼ E(λ2, 1, λ) . Exploiting this
effective description in SCET, we can derive the factorization formula for the decay amplitude
A. At the LO in ΛQCD/mZ , we find
A = −ifME
∫ 1
0
dxHM(x, µ)φM(x, µ) + power corrections , (1)
1
where fM is the decay constant of the meson, HM is the perturbatively calculable hard function,
µ is the factorization scale and φM denotes the leading-twist quark-antiquark LCDA of the
meson.
As an example, we consider the LCDA for a pseudoscalar meson P . It is defined according
to
〈P (k)| q¯(tn¯) /¯n
2
γ5 [tn¯, 0] q(0)|0〉 = −ifME
∫ 1
0
dx eixtn¯·k φP (x, µ) , (2)
where q¯ and q are collinear quark spinors, [tn¯, 0] is a Wilson line from 0 to tn¯ and x corresponds
to the longitudinal momentum fraction of the quark inside the meson. The leading-twist
LCDAs fulfill the expansion [1, 5]
φM(x, µ) = 6x(1− x)
[
1 +
∞∑
n=1
aMn (µ)C
(3/2)
n (2x− 1)
]
, (3)
where C
(3/2)
n are Gegenbauer polynomials with the corresponding Gegenbauer moments aMn .
Since these Gegenbauer moments are non-perturbative input parameters, they have to be to
be extracted from experiments or non-perturbative approaches like light-cone QCD sum rules
(see e.g. [16–18]) or lattice QCD [19]. The evolution of the LCDAs from a low hadronic scale
µ0 = 1 GeV up to the factorization scale µ = mZ is illustrated for different mesons in Figure 2.
It is important to note that the LCDAs approach their asymptotic form 6x(1 − x) under
Figure 2: Behavior of the LCDAs of the kaon (left), the J/ψ meson (middle) and the B meson
(right) under RG evolution from the scale µ0 = 1 GeV (dashed lines) to the scale µ = mZ
(solid lines). The dotted gray line corresponds to the asymptotic form 6x(1− x).
renormalization-group (RG) evolution from the low hadronic scale to the factorization scale.
Therefore, the high factorization scale makes our predictions less sensitive to the hadronic
input parameters.
Evaluating the contributing Feynman diagrams, we find the decay amplitude
iA(Z →Mγ) = ± egfM
2 cos θW
[
iµναβ
kµqνεαZ ε
∗β
γ
k · q F
M
1 −
(
εZ · ε∗γ −
q · εZ k · ε∗γ
k · q
)
FM2
]
, (4)
2
where the upper (lower) sign corresponds to the case where M is a pseudoscalar (longitudinally
polarized) vector meson. It is not possible to produce transversely polarized vector mesons
at the LO in the expansion in ΛQCD/mZ . The form factors in terms of the Gegenbauer
polynomials read
FM1 = QM
∞∑
n=0
C
(+)
2n (mZ , µ) a
M
2n(µ) ,
FM2 = −Q′M
∞∑
n=0
C
(−)
2n+1(mZ , µ) a
M
2n+1(µ) ,
(5)
where the quantities QM and Q
′
M involve the couplings of the quarks to the photon and the
Z boson. The functions C
(±)
n are the hard-scattering functions in Gegenbauer moment space.
They contain large logarithms of the form [αs log (m
2
Z/µ
2)]
n
which can be resummed to all
orders in perturbation theory using the renormalization group.
In the special case Z → η(′)γ, the final-state meson contains a flavor-singlet component
in its wavefunction. Therefore, the meson can be formed from a two-gluon state at the
leading order in ΛQCD/mZ and the NLO in perturbation theory. We show some representative
Feynman diagrams in Figure 3. These contributions to the decay amplitude result in additional
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Figure 3: Representative Feynman diagrams which contribute to Z → η(′)γ at the NLO in
perturbation theory. The meson is formed from a two-gluon state.
terms in the factorization formula which contain the leading-twist gluon LCDA of the meson.
Furthermore, the RG evolution equations are much more complicated since the quark and the
gluon LCDAs mix under RG evolution [20–23]. Since the flavor-singlet contains a different
number of active quarks at different energy scales between µ0 and mZ , we have to perform
a matching at the flavor thresholds in the RG evolution of the hard-scattering coefficients.
A final complication is related to the flavor structure of the η(′) meson. We employ the
Feldmann-Kroll-Stech (FKS) scheme [24, 25] to describe flavor mixing in the η − η′ system.
3 Phenomenological predictions
For the decays where the final-state meson contains no flavor-singlet component in the wave-
function, we present the branching ratios for different decay channels in Table 1. In the
last row Υ(nS) corresponds to a sum over the first three Υ states. The relevant uncertainties
arise from the hadronic input parameters, namely the decay constant of the meson, the Gegen-
bauer moments for light mesons and the width parameter in the model for the LCDA for heavy
quarkonia. The branching ratios range from Br(Z → pi0γ) ∼ 10−11 to Br(Z → J/ψγ) ∼ 10−7 .
3
Decay mode Branching ratio asymptotic LO
Z0 → pi0γ (9.80 + 0.09− 0.14 µ ± 0.03f ± 0.61a2 ± 0.82a4) · 10−12 7.71 14.67
Z0 → ρ0γ (4.19 + 0.04− 0.06 µ ± 0.16f ± 0.24a2 ± 0.37a4) · 10−9 3.63 5.68
Z0 → ωγ (2.82 + 0.03− 0.04 µ ± 0.15f ± 0.28a2 ± 0.25a4) · 10−8 2.48 3.76
Z0 → φγ (1.04 + 0.01− 0.02 µ ± 0.05f ± 0.07a2 ± 0.09a4) · 10−8 0.86 1.49
Z0 → J/ψ γ (8.02 + 0.14− 0.15 µ ± 0.20f + 0.39− 0.36 σ) · 10−8 10.48 6.55
Z0 → Υ(1S) γ (5.39 + 0.10− 0.10 µ ± 0.08f + 0.11− 0.08 σ) · 10−8 7.55 4.11
Z0 → Υ(4S) γ (1.22 + 0.02− 0.02 µ ± 0.13f + 0.02− 0.02 σ) · 10−8 1.71 0.93
Z0 → Υ(nS) γ (9.96 + 0.18− 0.19 µ ± 0.09f + 0.20− 0.15 σ) · 10−8 13.96 7.59
Table 1: Branching ratios for the decays Z →Mγ . The error budget contains uncertainties
from scale variation (subscript “µ”), the meson decay constant (“f”), the Gegenbauer moments
of light mesons (“an”) and the width parameter in the model for the LCDAs for heavy mesons
(“σ”).
We find that calculating the branching ratios using the asymptotic form for the LCDAs yields
a good approximation, whereas neglecting NLO QCD corrections results in sizeable deviations.
For the decays Z → η(′)γ there exist different sets for the Gegenbauer moments [26, 27]
and the FKS mixing parameters [24, 28]. Corresponding to these different sets of hadronic
input parameters, we find branching ratios which range from 0.1 · 10−10 to 1.7 · 10−10 for the
decay Z → ηγ and from 3.1 · 10−9 to 4.8 · 10−9 for the decays Z → η′γ . The dependence of
the branching ratios to the hadronic input parameters is strong such that measurements of
the decays Z → η(′)γ could yield interesting insights to these parameters. In addition, we find
that measurements of these decays could be used to directly access the gluon LCDAs.
4 Conclusions and outlook
We performed a theoretical analysis of the decays Z → Mγ using the QCD factorization
approach. These decays provide a theoretically very clean way of testing the QCD factoriza-
tion approach since power corrections to the leading terms in the factorization formula are
negligible. RG evolution plays a crucial role since the high factorization scale gives rise to
predictions which are less sensitive to the hadronic input parameters. For the special case
Z → η(′)γ , we discussed the complications arising from the flavor-singlet component of the
η(′) meson. Measurements of these decays could yield information about the gluon LCDA.
In addition to the decays presented here, we studied the decays W →Mγ of W bosons in
[6] and the decays h→MV of Higgs bosons, where V ∈ {γ, Z, W} , in [29, 30]. In particular,
the decays h → MV exhibit highly interesting applications in models beyond the Standard
Model (SM). They can be used as powerful probes of some couplings of the Higgs boson to
the other SM particles.
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